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1 Introduction

Our interest lies in heavy right tails, i.e. we are dealing with a random sample X, =
(X1,...,X,) from an underlying distribution function (d.f.) F' with a regularly varying right

tail. This means that, for a positive real £, the right tail-function
F(x):=1- F(z)

is such that
lim F(tz)/F(t) = «~Y¢, forall z >0, (1.1)
t—o00

i.e. Fis a regularly varying function at infinity with an index of regular variation equal to —1/¢,
€ > 0. We then use the notation F € RV_y je.
Let us define

exp (—(1+&x)™Y8), 1+&a>0, if £€#£0,

Gg(x) = ]
exp(—exp(—x)), = €R, if £€=0,

(1.2)
the so-called general extreme-value (EV) distribution. If (1.1) holds, we are in the domain of
attraction for maxima of G¢, with £ > 0. This means that it is possible to linearly normalise
the sequence of maximum values {X,,., := max(Xi,...,X,)}n>1, so that we get convergence
to a non-degenerate random variable (r.v.) with d.f. G¢, in (1.2) (Gnedenko, 1943). We then
write F' € Daq(Ge>o). This type of heavy-tailed models appears often in practice, in fields like
telecommunication traffic (see Resnick, 1997, and Gomes, 2003), finance, insurance, economics,
ecology (see Reiss and Thomas, 2001, 2007) and biometry (see Hiisler, 2009), among others.
The parameter £, in (1.2), is the extreme-value index (EVI), one of the primary parameters of

extreme events.

Let F'* denote the generalised inverse function of F, defined by F* () := inf {2 : F(z) > t},

and let U be the reciprocal tail quantile function of the r.v. X, defined as
Ut):=F~(1-1/t), t > 1.
For heavy right tails, we assume the validity of any of the first-order conditions below:

FeDy(Geso) <= FeRV.,, <= UEecRV. (1.3)



The second equivalence above was proved in de Haan (1984). For several technical proofs in
the field of extreme value theory we further need information about the rate of convergence in

(1.3), assuming that for every x > 0,

InU(tr) - InU(t) — {nw =L p <0,

= 1p(x) = g (1.4)
Inxz, if p=0,

lim

t—o0 A(t)

where |A| must then be in RV, (Geluk and de Haan, 1987). Often, we further need information

on the rate of convergence in (1.4), and assume that for all z > 0,

InU(tz)-InU(t)—€Inx zpte . .
i AW — ¢p() it min(p, p)) <0, 15
teo B(t) Inz, if p=p =0,

where |B| must then be in RV)y. Details on this precise third-order condition can be found in
Gomes et al. (2002), Fraga Alves et al. (2003, 2006) and more generally in Wang and Cheng
(2005).

For technical simplicity, we assume that p < 0 and that we can choose A(t) = £fAt", in
(1.4), with 8 a non-null real number or even a slowly varying function, i.e. a regularly varying
function with an index of regular variation equal to zero. This is equivalent to say that we are

working with Pareto right tails such that for C' > 0,
U(t) = Ct (1 + £Bt° /p + o(tF)). (1.6)

The pair of second-order parameters (3, p), in (1.6), rules the rate of convergence in (1.4)
and is dependent on a possible shift in the data. More precisely, if we have a location or shift
parameter s € R, not necessarily null, i.e. if F(x) = Fy(x) = Fo(x — s), then U(t) = Uq(t) =
Uo(t) + s and also (5, p) = (Bs, ps) depend obviously on s, with

(=s/C,=&), if &4 po<0ands#0,
(Bss ps) :=§ (Bo—5/C,po), if £+po=0 ands#0, (1.7)
(Bo, po), otherwise,

where By and pg are respectively the scale and shape second-order parameters associated with
an unshifted model (s = 0). Further details on the influence of a shift s # 0 in the second-order

parameters are given in the Appendix.



The adequate estimation of the second-order parameters 5 and p is of primordial importance
in the adaptive choice of the best number of top order statistics (0.s.’s) to be considered in
the EVI-estimation, as well as in the construction of second-order reduced-bias (SORB) or
minimum-variance reduced-bias (MVRB) EVI-estimators. Overviews of the subject can be
found in Chapter 6 of the book by Reiss and Thomas (2007), Beirlant et al. (2012) and Gomes
and Guillou (2014), among others. However, despite being scale invariant, many classes of
EVI-estimators are not location-invariant. Since the EVI does not change with shifts, location
invariance is surely a relevant and adequate property of the EVI-estimators. And such invariance
can be attained through the use of the PORT-methodology, introduced in the sequel, with
PORT standing for peaks over random thresholds, the terminology used in Aratjo Santos et

al. (2006).

Let Xi.n, 1 <14 < n, denote the 0.s.’s associated with the random sample X, = (X1,..., X,,)
from an underlying d.f. F'. The class of estimators suggested here is a function of the sample of
excesses over a random threshold X, .,, with ny = [ng| + 1, where [z] stands for the integer

part of z. Such a sample is denoted by
X(g) = (Xn:n - an:m Xn—1m — an:m ce 7an+1:n - an:n) ) (1-8)

where, we can have
e 0<q<1,forany F'€ Dyp(Geso) (the random threshold, X, .p, is an empirical quantile);

e ¢ =0, for d.f.’s with a finite left endpoint z, := inf{z : F'(z) > 0} (the random threshold
is the minimum, X1.,).

Any statistical inference methodology based on the sample of excesses X (,‘{), defined in (1.8), is
called a PORT-methodology. This methodology enabled the introduction and study of classical
location/scale invariant EVI-estimators, like the PORT-Hill and the PORT-Moment estimators
in Aradjo Santos et al. (2006). These PORT EVI-estimators were further studied for finite-
samples in Gomes et al. (2008). This methodology was also applied in the estimation of high
quantiles in Henriques-Rodrigues and Gomes (2009). PORT MVRB EVI-estimators have been
studied for finite samples and by Monte-Carlo simulation in Gomes et al. (2013), among others,
and exhibit quite interesting features, being often possible to choose a value of ¢ that makes

the sample path of these PORT MVRB EVI-estimators reasonably stable in k£, making thus the

4



choice of k£ much more trivial than usual. All EVI-estimators are scale invariant, but there a few
classes of scale and location invariant semi-parametric EVI-estimators, like Pickand’s (Pickands,
1975), the peaks over threshold (Davison, 1984), and the ‘pseudo’ maximum likelihood EVI-
estimators based on the excesses over an intermediate 0.8, X,,_j.n, studied in Drees et al. (2004),

and that can also be considered as PORT EVI-estimators.

The PORT methodology leads to location-invariant estimation, where the unshifted model
Fy plays thus a central role. In what follows, we use the notation y, for the g-quantile of the

d.f. Fy, i.e. the value

Xq = Fy (q) (1.9)

(by convention xo := z,, the left endpoint of Fp). Since ngy/n — ¢, as n — oo, we then know
that the o.s. X, ., associated with a sample from Fp, is a consistent estimator for Fj~(q) (van

der Vaart, 1998, p.308), i.e. we have the following convergence in probability:
D, SN Xq, for 0<g<1 (XO = a:F). (1.10)

When applying the PORT-methodology, we are working with the sample of excesses in (1.8),
and we can assume that we are dealing with an unshifted d.f. Fy underlying the r.v. X, to
which we are inducing a random shift, strictly related to x4, in (1.9). More precisely, we have
a shift s = —xq, i.e. we are working with X, := Xy — x4, and use the simpler notation (4, pq)

for (B—x,s P—xq)> With (B, ps) defined in (1.7). Hence

(Xq/07 —£), if &4 po <0 and x, #0,
(Bgs Pg) =3 (Bo + xq/C:po), if €+ po=0 and x4 #0, (1.11)
(Bo, po), otherwise.

A class of location-invariant semi-parametric estimators of the so-called PORT-p second-
order parameter, py, in (1.11), was recently introduced and studied in Henriques-Rodrigues et
al. (2014), among others. These authors mention that the main motivation for the theoretical
study of a class of estimators of the shape second-order parameter p, is related to its possible
use, concomitantly with a class of PORT estimators of the functional A, in (1.4), or at least of an
adequate location-invariant estimator of the scale parameter of such a A-function, in the study

of the asymptotic behaviour of second-order PORT-MVRB EVI-estimators. With the same



motivation, we are now interested in the asymptotic behaviour of a class of location-invariant
semi-parametric estimators of the so-called PORT-/ second-order parameter, 3,, also in (1.11).
The technical contributions in Lemma 3.1 and Propositions 3.1 and 3.2 were already proved in
the above mentioned article, and are crucial for the proofs in this paper. But the derivation
of both consistency and asymptotic normality of the PORT-scale second-order parameter are
quite technical and specific of the PORT-3 estimation. As mentioned above, our main and
final objective is the incorporation of both results in the theoretical study of the PORT MVRB
EVI-estimators, a work under progress. Such a study is obviously intricate but feasible, and

out of the scope of this article.

In Section 2, we introduce the new class of PORT- estimators of the second-order parameter
By in (1.11). In Section 3, we present a few preliminary asymptotic results related to the
PORT-methodology, under a third-order framework. In Section 4.1 we justify the class of
PORT-4 estimators of the scale second-order parameter 3, addressing the possibility of shifted
heavy-tailed models, and refer the conditions required for their consistency. The non-degenerate
asymptotic behaviour of the new class of estimators is presented in Section 4.2. In Section 5, we
illustrate the finite sample behaviour of the new estimators through a Monte-Carlo simulation
study. In Section 6, we present the proofs of the results stated in Section 4.1. Finally, in
the Appendix we provide further details on the influence of a shift s # 0 in the second and

third-order parameters.

2 The class of semi-parametric PORT-/ estimators

The building block of our estimators of the scale second-order parameter f3;, defined in (1.11)
are the statistics used in Dekkers et al. (1989), Fraga Alves et al. (2003), Caeiro and Gomes
(2006), and Henriques-Rodrigues et al. (2014), among others, i.e. for @ > 0 we consider the

moment statistics of the log-excesses,

M%) =M, =

| =

k
Z (ln Xn—i—‘rl:n —In ank:n)a 5 (21)
=1



but now applied to the sample of excesses X (;f), 0 < ¢ <1, in (1.8). For an intermediate

k-sequence, i.e. a sequence k = k,, of positive integers such that
k=k,—>o00 and k=o(n) as n— oo, (2.2)

we shall thus consider the location and scale-invariant statistics,

_X. \©
(v,q) _ (CM) n i+1:n Ngm
M,5" = M3 (X)) =+ Z < v ) : (2.3)

Xn—km — q:

defined for k < n — ng, with MT(lak) (X,) = Méak) given in (2.1), a > 0.
Let E and Var denote the mean value and variance operators, respectively, let E denote a
unit exponential r.v. and let I'(¢) denote the complete Gamma function. For any real a > 0,

with £ > 0 and p < 0, let us define

uD(©) = E(Eae—f’f)zm u) = uP(0) = D(a+1), (2.4)
o) = /Var(E®) = /T(2a+1) —T2(a +1), (2.5)
e M) ((1+8*—(1+€E—p)°
u(()?)(g?p) T E(E 1 —eE epE' )/p) p < (1+£_p)a(1+§)a )
_ _T(e)1-(1-p)°
ud() = P (0,p) = — ( e ).
o@(p) = \[Var(Be (e —1)/p) = /1) — (1P ()",

i€p) = E(E (- 1/(-9) (" -1)/p))

11, 1+61—p) : _
5 In W, lf a=1

I(a) 1 1 1 .
~ gy el e~ et i et

and
1 U= it a=1
a— 2 2 — )
pP0) = (B (@ -1)/p)" ) =4 T |
Ho) L — 2 1), if a#d
Pl \T-2)5 T~ prr T B a7
Let us further introduce the notations:
. (4) (2) (3)
mp) = “"u({’), i=23,  adEp) = fﬁp), T p) = "au((f;p), (2:6)
— 0'<1) — Uc(x2)
o = % T =g, (2.7)



and for any 61, 65 > 0,

door0,(p) = TSy (p) — HE (p). (2.8)

For tuning parameters 7, € R (as detected in Caeiro and Gomes, 2006), a, 61,02 € RT, 61 # 62,
we shall consider the PORT-versions of the r.v.’s used in the aforementioned paper for the

estimation of 3, in (1.6), i.e

nq/61 nq/02
M(‘IQLQ) M(‘1927Q)
,01,02,mq, k &
Dfﬁk H02m) (5) = n(l) - n(l) ) (29)
'u’oc91 HO&OQ

with M, (e ’q) and ,ug) defined in (2.3) and (2.4), respectively. As detailed in Section 4.1, under

adequate conditions upon the growth of k = k,,, the study of the asymptotic behaviour of the

(Dl 91792777L17q) (é-) i

rv.’s D n (2.9), enables us to introduce the class of consistent [,-estimators,

invariant for changes in location, and named PORT-3, given by

~q) (06791792777117‘1) 2
Bl )y 2d34 016 (P') (k) g (D":k (£)> (2.10)
. ) ) *

n,k Oﬂ]q a@l 0o (Z)\(q ) D(204791792777q7Q)(§)

n.k

with tuning parameters a, 61,62 > 0, 01 # 02, ng € R, ¢ € [0,1), da.p,.0,(p) and Df:yl’fl’%’nq’q) &)
given in (2.8) and (2.9), respectively, and with p(?) the class of consistent p,-estimators, invariant
for changes in location, studied in Henriques-Rodrigues et al. (2014). The class of PORT-p
estimators of the shape second-order parameter p,, similar to the simplest class of p-estimators
in Fraga Alves et al. (2003), is also dependent on a tuning parameter 7, € R and is given by

(1727377— ’q)
() _ ~123,70.0) 3(T, 0™ )]1{
p - n k‘T T T(172737TQ7q)
n,k

o (1228700 ¢ (1 3)}, (2.11)

where 1{A} denotes the indicator function of the event A, and with Mflak’q) given in (2.3),

7 (12370,0) . _ (Mé}/;q))Tq B (M(2’q)/2>7q/2

T )T

br

for any 7, € R, with the notation a”” = blna whenever we consider 7, = 0. Moreover,
ﬁ(‘” = ﬁ(fgl ng)0-999 - Note that for the estimation of second-order parameters, the choice of k&,
q

seems to be not crucial. A choice of the type [n!~¢] usually works well both for the estimation



of B and p provided that we choose tuning parameters ¢ and 7, leading to high stability for

large values of k.

Caeiro and Gomes (2006) suggest in practice the consideration of (a,61,602) = (1,1,2),
for the classic [-estimation, in order to get a class of estimators dependent only on a tuning
parameter n € R. Taking into account this suggestion we are led to the following functional

expression for the PORT-f estimators

B\](f"q’q) = 31(117];1727%,(1)@@))

T 0 e i N N
T () (120 72)" — (M0 24)"" o (2.12)
22— Y2 [ o\ P [m(Mf:If))—%1n(Mf,f>/2)]2
o () (M0 /2) -1 (M0 124)

if n,=0.

This new class of PORT-3 estimators depends on the tuning parameters n, € R and
q € 10,1), related to the PORT-methodology. These two tuning parameters provide an ade-
quate flexible class of estimators of 3;, and their non-PORT versions, with a unique parameter,
say 1 € R, have revealed to be suitable for practical purposes, despite of high volatile for small
up to moderate k comparatively to the S-estimators in Gomes and Martins (2002). The choice
of the tuning parameter g can be performed with a generalisation of the algorithm proposed in
Gomes and Henriques-Rodrigues (2012). This research, is however, beyond of the scope of this

paper, where a heuristic choice is provided.

3 Technical results related to the PORT-methodology

3.1 The second-order PORT-framework for heavy-tailed models

Under the aforementioned set-up in Section 1, the transformed r.v., X, = Xo — x4, with x4
given in (1.9), has an associated quantile function given by U, (t) = Up(t) — x4. The second-order

condition in (1.4) translates as

Pe—1 :
- — =1 if <0,
lim InU,(tx) —InUy(t) — EIna — . (2) = a Pq (3.1)
t=o0 Ay(t) Inz, if py,=0,

for all 2 > 0. Moreover, |4,] € RV, , p; < 0, and A, relates to Ay according to the following

lemma.



Lemma 3.1 (Henriques-Rodrigues et al., 2014). Assume that Uy € RV satisfies the second-
order condition in (3.1). Then Uy(t) = Uy(t) — x4, with xq defined in (1.9), is such that
Uq € RV and (3.1) holds with (Bq, pg) given in (1.11) and

qu/Uo(t), if §+po <0 and Xq 7é 0,
Ag(t) =4 Ao(t) + Exg/Uo(t), if €+ po =0 and xq # 0, (3.2)
Ap(t), if &€+ po>0o0rx,=0.

3.2 Third-order framework and asymptotic behaviour of auxiliary statistics

Next, we present the asymptotic behaviour of the statistics Mflak’q) defined in (2.3), based on
the sample of excesses X (f{), 0 < g < 1, defined in (1.8). This requires a third-order framework
because we further need to know the rate of convergence in (3.1). The third-order condition in

(1.5) translates as

In Uy (tz)—In Uy (t)—€1 pq+py _ . .
- n Uq (tz) Aj(tf( )—{lnz wpq (SL’) _ z Zq_;); 17 if mm(pq, p;) <0, (3 3)
tmeo By(t) Inz, if pg=py =0,

where |By| must then be in RV,. For technical simplicity, we shall assume that pg, pj < 0.
Let us further introduce the following notations. With F; independent and identically
distributed (i.i.d.) unit exponential r.v.’s, and, with oV given in (2.5), define the asymptotically

standard normal r.v.’s 3
= VE(E> B —T(a+1)) /o).
i=1

Now, together with (2.7), we can combine these as follows:

W}ga,91792) — 7 Z;iael)/el _7FU 0‘92)/9 (3.4)

aby 0592

Finally, forn € R, a,6 > 0, and with (& @ )( ), (§ p), na ({ p)) defined in (2.6), we define

Capn(p) = (a8 — 1)) (p) + aln —0)(E5 (p)), (3.5)
Gopn(&p) = A& )+ (@8 — 10D (E p) +aln— O (0ED (=),  (3.6)
haoa(@) = 2E)(2) + (00— DA (-6 +aly—0) (FD(-0) . @)

10



Note that the statistics Méak’Q), in (2.3), depend on g through x4, in (1.9) (see also (1.10)), but
are obviously independent on any shift s imposed to the data. We can thus assume throughout

that s = 0. We next present, under the third-order framework provided in (3.3), the asymptotic
(o)

behaviour, as n — oo, of M, ' and fo,fl’%’nq’q), in (2.3) and (2.9), respectively, based on
the sample of excesses X(f{), 0 < ¢ <1, in (1.8). These results were stated and proven in

Henriques-Rodrigues et al. (2014):

Proposition 3.1 (Henriques-Rodrigues et al., 2014). Let us assume that (2.2) holds, as well
as the third-order condition in (3. ) for po,py < 0. We then get for MT(L kQ), in (2.3),
a>0,k<n-— nq, with x4 and M (for s =0), given in (1.10) and (2.1), respectively, ,u&l)
and (fie @ (p), 1. (f ), (3)( )s na (5,/))) respectively given in (2.4) and (2.6), the distributional

representation,

o d agopul o a o
Mékﬁ‘Y) < Mr(zk)—{_u{pﬁ()?)( 5)_1_# 2 (£.p0)+(a—1) 75 (€,00) Ao(n/k)(1 + 0p(1))

, Uo (n/k)
Let us introduce the notations, + Uo(n/k (’“‘ o (220) + (3)( §)>(1 + 01’(1))}'
Ua,0,000(P) = {Ca00(P) = Ca0on(p)}/(26), (3.8)
vaon (o) = Tl 0+ ) =g (p+0) = dagionlo+6), (3.9)
Wa,01,00m(8, ) = {9a,010(&, P) = Ga62.m(E, P)}/€: (3.10)
Yab1,00m(8) = {hao1n(&) = hao,n(€)}/2, (3.11)

with da6,.6,(0)s €a,0(P), Ja,0.7(&:p) and ha g, (&) defined in (2.8), (3.5), (3.6) and (3.7), re-

spectively.

Proposition 3.2 (Henriques-Rodrigues et al., 2014). For intermediate k, as in (2.2), let us
assume the validity of the third-order condition in (3.3). We then get for D ,;q), in (2.9), a > 0,

k < n—ng, with xq # 0 and da.g, 9,(p) given in (1.10) and (2.8), respectively, the distributional

11



representation,

01,602,174, d W Aok
Dr(zo,zk 0 ) (&) = qugz’”( ka\/E T 0(2/ : da. 1,02 (P0)

+ Uey,01,02,nq (po)Ag(n/k‘)(l + Op(l)) T+ Va,61,62 (pOa pé))BO(n/k)(l + OP(l))}

a,01,02,nq ()
+ m{da,el,eg(—f) + Wa, 01,05, (€ p0) Ao(n/k) (1 + 0p(1)) + %(1 + Op(l))}> ;
(3.12)

where Wéa’el’ez) is the asymptotic standard normal r.v. in (3.4).

4 Asymptotic behaviour of the PORT-S estimators

4.1 Consistency of the PORT-( estimators

From the definition of the parameter [;, in (1.11), we can see that the consistency of the
PORT-$ estimators is related to the vector (£, pp) of the unshifted model Fy associated with

the available data. Therefore we shall consider three different regions:
(i) R1:={€+po <0 and x4 # 0},
(ii) Ro:={&+po>0or (E+po <0 and y, =0)},
(i) Ry = {€+ po = 0 and x, # 0},
We may state the following:

Theorem 4.1. Under the validity of the second-order condition in (3.1), with py < 0, (Bq, pq)
defined in (1.11), p'9 any consistent estimator of p, such that (P9 — p,)In(n/k) = 0,(1), and
with Bflaéel’e%nq’q) defined in (2.10),

~

a,01,02,14,9 P
57(L,k1 0:0) — ﬁqv

for any real @ > 0, ng € R, 61,05 € RT\{1},0; # 03 and 0 < g < 1 or g = 0 if xo is finite,

provided that k is an intermediate sequence, as in (2.2), and moreover
VEA,(n/k) = oo, asn — oo, (4.1)
with Aq(-) defined in (3.2).

12



Remark 4.1. Note that when we consider models Foy € Ri, Ao(t) = o(1/Uo(t)) and with
A (t) = €xq/Uo(t), by (3.2), condition (4.1) corresponds to V'k/Uy(n/k) — oo, as n — oc.
For models Fy € Ra, 1/Uy(t) = 0(Ao(t)) and since Ay(t) = Ao(t), condition (4.1) is equiv-
alent to VEkAg(n/k) — oo, as n — oo. Finally, for models Fy € Rz, 1/Uy(t) = O(Ay(t))
and since Ay(t) = Ag(t) + &xq/Uo(t), condition (4.1) is equivalent to VkAg(n/k) — oo or
VE/Uy(n/k) — oo, asn — co.

4.2 Non-degenerate asymptotic behaviour of the PORT-S estimators

In this section, and under a third-order framework, we derive the non-degenerate asymptotic
properties of the PORT-{ classes of estimators introduced with all the generality in (2.10), and

particularised in (2.12). We first state the following result:

Proposition 4.1 (Fraga Alves et al., 2003). Under the validity of the second-order condition
in (1.4), with p < 0, if (2.2) holds and VkA(n/k) — oo, as n — oo, the asymptotic variance
of Wéa’el’%), in (3.4), is

9 9 T(2a61) I'(2005)  (614+02)(c(01+62)) 1 1)?

TW|a,01,00 — E(G%FQ(aél) + 9gr2(az2) - elfegﬁ(ael)rl(aej) ) N (E N %) : (4.2)
Proposition 4.2 (Caeiro and Gomes, 2006). Under the validity of the second-order condition
in (1.4), with p < 0, if (2.2) holds and VkA(n/k) — oo, as n — oo, the asymptotic covariance
of (W,Ea’el’e?),WéQa’el’(b)), with W,ga’el’ez) in (3.4), is given by

> _ 1 3I'(3a01) _(014-202)T((014-262))
Wla,01,02 = 2a \ 83T (ab1)T(2067) 07021 (a1)T (2002
(201402)T((20,+62)) 3T (3a62) (1 1)? (4.3)
6202 (20601 ) (af2) 05T (af2)T'(2002) 01 02) - :
Let us further use the notations:
(04791792177 ) _ R 2y0"91v927nq (5) _ y20‘*91792a77q (5)
Yy “(E —E) = do 61,05 (—8) d2a,6;,65(=8) (4.4)
(,01,02) () _¢) .— 2da,01,05(P)  d2a,0,,0,(P)
z (p, =€) = do01,05(—€)  d2a,0,,05,(=8)’ (4.5)
(04791,92777 ) . 2u&,91,92,nq(p) _ u2a,01,92,r]q(p)
u “(p) = du 61,64 (P) d2a,07,05(P) (4.6)
(,01,02) N 20a,04,05 (P:0")  V2a,01,65(0:0")
v <p’ p ) T daﬁl,ez (,0) d2a,01,€2 (P) ’ (47)
(a,91,92ﬂ] ) . 2w04,91,<92,71q (f,ﬂ) _ W2a,01,09,1q (gyﬂ)
w “(Ep) = da,01,04(P) d2a,0,,0,(P) (4.8)
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With wa,0, 02,0(P); Va,01,00.m(P5 P')s Wa,01,00.m(E, p) and Ya.6, .6,.,(§) given in (3.8), (3.9), (3.10) and
(3.11), respectively.

We can now state the non-degenerate asymptotic behaviour of the class of PORT-£ estima-
tors, in (2.10). The regions Ry / Ro given above, are now split in

o Rip:={po < -2 and xq # 0} / Rar:={—§ < po<—5 and x4 # 0},

e Rig:={po=—-2¢ and xq #0} / Roz:={po = —g and x4 # 0}, and

e Riz:={-2{<py<—€and xq#0} / Roz:= {% < po<0or (§>—pgand x4 =0)}.
Theorem 4.2. Let us assume that the third-order condition in (3.3) holds, with po, py < 0
and consider the PORT-p class of estimators, Bff,;el’gz’nq’q), defined in (2.10), with B, given in
(1.11). Then, with 61 < 62, real numbers different from 1, a > 0, 5, € R and 0 < ¢ < 1 or
q = 0 provided that xo = x 1is finite, and intermediate sequences of positive integers k = ki,

as in (2.2), such that (4.1) holds.

i) In R1, if we further assume that li_>m VEAo(n/k) = X and li_)m VE/UE(n/k) = \,, we

get
ot (B D (o) — ) 5 N (ﬁ(‘”’“’”"“’,&i,el,GQ,q) ,
with
BaXq )‘Uy(a’el’emnq)(& —£), in Rn
ﬁ(a,el,eg,nq,q) _ 8, (2 z<a»91€’i2;(po,—£) +Xg Ay @O0 (€ —€)), in Ry

Y0020 (¢ p) and 2(@0192)(p, —€) defined in (4.4) and (4.5), respectively. Moreover,

2 2 2W(a’91’92> W<2Q’91’92)
T 000 = (L22) var b — 5k
,01,02,9 axq da,6q,05 (=€) 2d2a,0,,0,(—&)
40.2 0.2 2%
1 Wla,61,6 + W|2a,61,09 OW|a,01,09
(Ca)? diyel,gz(—a 4d§a791,92(—5) de,0q,05(—=8)da 07,05 (=8) |’

with 0‘2,{/‘&791’92, TW|a,01,00 given in (4.2), (4.3), respectively.

ii) In Ro, if we further assume that li_)m VEA (n/k) = A4, li_)rn VEAo(n/k)Bo(n/k) = A
and le VE/Uo(n/k) = X, we get

(a,01,02,mq, d o
\/EA(](TL/IC) </67(L,k 1,02,19,9) _ 6(1) 2N (M( 701’627%7(])703,91,92,(1) ,

n—oo
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iii)

where  with  pl@0u0210) (po pp) = wl@002m0) (po) Ny 4 0 @0002) (pg, ph)Ap,  and

Lltibem (¢ oy w020 () and v(@0092)(p o) given in (4.5), (4.6) and (4.7), re-

spectively,
5O§Xq)\/z(a’01’92’%)(—fa pO)a in RQI
79 70 ) } — .
M(a 1,02,09,9) Bo (M(a,é’h@zﬂ?q)(po, oh) + qu)\/z(a,é)l,emﬂq)(_f, p0>), in Roo
BOM(O‘7017€27774)’ in R23
Additionally,
2 (a,01,02) (2c0,01,02)
2 _ % 2Wk _ Wk
Ua7917027q - ( o ) Var <da,91,92 (p()) 2d2a,91,€2 (p0)>

2 2 _
_ (@)2 A0 10,010, TW|20,01,00 20w 0,601,607 —. 52
a diyel,%(po) 4d%a,91,02(po) da 61,65 (P0)da,61,65 (P0) * Ya,61,020

with 03,91792 the asymptotic variance of the classical 5-estimator introduced in Caeiro and

Gomes (2006), and with U%Vla 01,057 OWlay01,0, given in (4.2), (4.3), respectively.

In Rs, if we further assume that li_>m VEA (n/k) = A4, li_>m VEAo(n/k)Bo(n/k) = Ap
and le VEAy(n/k)/Us(n/k) = Aay and X = ILm 1/(Ao(n/k)Us(n/k)) # 0, we get

ViAo(n/k) (B = By) o N (DD 5 )

n—o0

with

2
52 _ [ _Ba 90016,
01,02, — NG )
T\ o1+ €hxg)
where 03791’92 is the asymptotic variance of the classical B-estimator introduced in Caeiro

and Gomes (2006), and

/’1(04791,92777qﬂ) — 5q~ <u(06791,92771q)(p0)/\A 4 v(a791792)(p0’ p{)))\B
1+ 8&Axq

+&xq (w(“’el"b’"")(& po) + XA y(@, 01, 02,m0) (&, po)) )\Au> ,

with YO0 (€, p), w020 () o0 (5, 1) and (@ 0m) (€, p) defined in (4.4),
(4.6), (4.7) and (4.8), respectively.
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We finally present the non-degenerate behaviour of the PORT-f estimators, in (2.12), de-
pendent only on two tuning parameters, (q,nq). This is a particular case that can be relevant

in practice, and where we get simpler expressions for asymptotic variances and bias.

Corollary 4.1. Under the validity of the third-order condition in (3.3), with py, phH <0, and
for the particular case («,01,602) = (1,1,2), we have the validity of the following asymptotic
distributional representation for the PORT-3 estimator, B (19,) ,in (2.12).

i) In Ri, with By = x4/C, and with the same notation as before for Ri1, Riz and Ri3,

(n9,9) /Bqap Ry
B £ By VRITo(m/R)
%ﬁ)—%w(m n Ru
+ ﬁq( £0.— 5)A0(n/k)Uo(n/k:)+X?]y((,f/’k)))(1+0p(1)), in Rz
B, 2e0:=8) (,,0, L Ao(n/k)Uo(n/k)(1 + 0,(1)), in Rz,

where W,fl 18 asymptotically standard normal, and with

Ag = 326 +212€7 + 568" + 78067 + 538" +93¢7 — 10867 — 686 — 12 (4.9)
Be == 6+&(4+¢) w0
Cep = p*(21+5EBe) — 2p°(30 4+ T€Be) 4+ 6p(9 4+ 26Be) — 2(6 + {Be)  (4.11)
y(€,—§) = SO e A
2(pg, =€) = — (14€)°(2—p0)Ce.pq

(2+6)%(2+26+€%)(3+35+€%) (1—p0)°

and 52 = 5—25 = (L)Z (if)Q (21£4+68§3+86§2+68£+33)
Pqg — T — .

Xq 2+¢ &2

ii) In Ra, with By = By and again with the same notation as before for Rai, Roz and Ras,

(nq,9) Bqo R
ﬁq /Bq _ Ma¥pq sz

VkAo(n/k)
Bq%(l + Op(l))7 in RQI
+ Bq ( (p07100) + %) (1 + Op(l)), in RQQ
Bak(po, po) (1 + 0p(1)), n R,
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iii)

where p(p, p') = upyAo(n/k) + v, Bo(n/k), with u, and v, s, given by

B 202 (4—p(2—p) (16p5—68p4+116p3—96p2+33p+2))
U = () =~ PP 2P 2 )
~ 1q(2—p)(1-2p)° (593—16p2+18p—8)
26(2—-p)2(1-p)2(1-2p)3(2~2p+p?)

(4.12)

and

I (1-p)3 ((2—p)*(1=p)3 (2—2p+p?)—2(2—p)*(1—p)* (5—4p+2p*)p’ )
P (2—p)2(2—2p+p?)(1—(p+p"))"
(1—p)3(2(1—p) (29—55p+44p2 —18p3+3p?) p2 —2(17—35p+29p° —12p°+2p* ) p'3)
(2—p)?(2—2p+p?)(1—(p+p))®

(1=p)* (=74+9p=5p>+p*)p"*
~ ez e (413)

respectively. Moreover, W,f 2 is asymptotically standard normal,

o _ 9 _ 9 [(t1—po)\? [ 21pL—68p3+86p2—68po+33
02 = o2 =0 _( 2_p00) ( bt B , (4.14)
_ (1-p0)°(2+£)C_py ¢
A=&p0) =  (2-p0)%(2—2p0+03) (3=3p0+03) (1+€)8”

with Be and Cg , defined in (4.10) and (4.11), respectively.

In R, with B, = Bo + Xq/C and with X = lim 1/(Ao(n/k)Us(n/k)) = (£60C)~" # 0,
with C given in (1.6),

B’(qum 4 ﬁq—l—«/ﬁiﬁ%wfs—kl—ki&)@ (u(po)Ao(n/k‘) + U(po,p{))Bo(n/k‘)) (1+o0p(1))
By £Xq (w(f, po) + XgA y(&ﬂo))
14+ &g Uo(n/k) (1+ (1),

~ 2
where W,f3 s an asymptotically standard normal r.v. with 5§q = <J/(1 + §/\Xq)> , o2

given in (4.14), u, and v, ., defined in (4.12) and (4.13), respectively, and

_ _ __(=8+18p0—16p3+5p3)n
w(&, po) = w(—po, po) = — (2_p0)(1_p0)2(20_2p00+p%)

2p0 (147p0(917221p0+216p3+25p87252pé+240p87100p8+16pg))
(1-2p0)*(2—p0)2(1—p0)?(2—2p0+03) ’

o — —po(2—p0)(8—18po+16p3—5p3) (1—2p0)*ng+205A— g
y(& o) = y(=po; po) = 2(1-p0)2(2—p0)2(1=200) 2= 2p0+43))

with Ag¢ defined in (4.9).
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5 A Monte-Carlo simulation

As an illustration, we next present in Figures 1 to 4, the mean values (E) and the root mean
square errors (RMSE), of the classical estimator, denoted by B\,(Cn), and the PORT-/ estimators
{B,(qu’q) = Eﬁ,’cl’ln‘“q) (ﬁ(q))}q:o, 0, 025 as defined in (2.12), as a function of the sample fraction
k/n, for a sample size n = 5000. The results are associated with the output of a simulation of size
1000, related to underlying Fréchet parents Fy(x) = exp(—xil/g), x> 0,withé =0.5and £ =2
(po = —1, By = 0.5), Burr parents Fo(x) = 1 — (142 ?/&)Yr 2 > 0 with (&, pg) = (0.5, —1),
(&, po) = (1,—0.5), Bo = 1 and the shifted models Fs(z) = Fy(z — s), with s = 1. We have here
used 7, = 0, the value suggested in several other research papers for the PORT-p estimators
ﬁg]) = ﬁgq’q), in (2.11). The choice 7 = 0 has been heuristically suggested and used before for
the classic p-estimation in the region |p| < 1 (see Fraga Alves et al. (2003), for further details).
The heuristic criteria proposed in Fraga Alves et al. (2003) also suggests the use of 7 = 1 in the
region |p| > 1. And indeed 7 can be even negative, as detected in Caeiro and Gomes (2006).

Note that for both models we have & 4 pg # 0, and taking into account Remark 6.3 we have for

the Fréchet model,

Xg=(—Ing)™%, if £+pp<0andx,#0(0<q<1),

By =B = (5.1)
Bo = 0.5, if §+po>0o0r(f+vy<0andx,=0(¢g=0)),
and for the Burr model
Xg=(qg7"=1)705, if £+ pp<0andxy#0(0<q<1),
By=BP =4 " ! (5.2)

Bo =1, if €+po>0o0r({+v<0andyx,=0(¢q=0)).

As mentioned in Caeiro and Gomes (2006) the choice of the tuning parameter 7 related to
classical f-estimator depends heavily on the model and the best choices for n for the Fréchet
and Burr models are provided by negative values of this control parameter. Taking this in
consideration we propose the following heuristic criteria for the choice of the tuning parameter
ng related to the class of estimators in (2.12). On the basis of the choice for 7y provided in

Caeiro and Gomes (2006), for models with a support [0, 00), C' = 1 and a choice 0 < q1 < g2 < ¢y
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(0 < xg: £+ < Xq,), choose:

qurxni)oj/wv if §+po<0andyg #0and xq. <Bo (0<gq <1),
Mg =19 7MolXq % 10]/10, if €+ pp<O0andy, #0and x4 >H0 0<q@ <1), (5.3)
705 if £&+po>0o0r({+v<0andyxy, =0(q =0)).

The values of 9 = n proposed by Caeiro and Gomes (2006) for similar Fréchet and Burr models
were 19 = —3 and 19 = —1.2, respectively (see Figures 2 to 4 of the aforementioned paper)
and the correspondent 7, values, according to (5.3), and the choices ¢; = 0.1 < g2 = 0.25 are
Mg = Mg, = —1.8 for the Fréchet model with £ = 0.5 and 7y, = 74, = —3 for the Fréchet
model with £ = 2. For the Burr models under consideration we have chosen 1y, = 174, = —2.4
when (&, po) = (0.5,—1) and 7, = 14, = —1.2 when (£, po) = (1, —0.5). Moreover, and due
to the high volatility of the S-estimator for shifted Fréchet models, we have not represented

graphically such a path.

E(*) E(*)
1.1 1.5
N ﬁ£-1.3,0.25>

0.9 ~ BEP|s=0
\ Boas =0.8493 1.0 ¥ Bo=1
A(-180.1) /120
By S — (-120)

B

Bo. =0.6590 Boas =0.5774

~3)
| ﬁl(c ls=0 0.5 ~(-24.0.25 A(-2.40.1)
0.5 By =05 ﬁl(( 02 ﬂk
\ Boy =03333
m
0.3 k k/n k/n

. 0.0
0.600 0.800 1.000 0.100 0.400 0.700 1.000

0.7

Figure 1: Mean values of the estimators under consideration for Fréchet unshifted (s = 0) parents,
with & = 0.5 (left) and Burr unshifted (s = 0) parents with (&, po) = (0.5, —1) (right), and sample size
n = 5000.

We now would like to emphasise the following points:

e There is only a light improvement in all estimators as the sample size increases, and a
high volatility of the classical S-estimators for shifted models. This is the reason why we

have not represented them in the previous figures.

e For smaller sample sizes n, the sample paths of all estimators for small up to moderate

k-values are even more volatile, but of the same type. Also the sample paths associated
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RMSE(®) RMSE(*)
0.6 05

B‘I((—ZA,OAI)
~ 3
/3,(c ) ‘s =0

0.4

k,
(-18,0.1) \ 3
e N=O
k \
5(-2.4,0.25)
Bk \_/‘\ k/n

0.600 0.800 1.000 0.500 0.600 0.700 0.800 0.900 1.000

Figure 2: RMSEs of the estimators under consideration for Fréchet unshifted (s = 0) parents, with
¢ = 0.5 (left) and Burr unshifted (s = 0) parents with (£, p9) = (0.5,—1) (right), and sample size
n = 5000.

E(*) E(*)

61 |s=0
*}( El(c—l.z,o)
—_— By =05 1 - -
\ w 3’5—12,0.25) ﬁi—l 2,0.1)

. A(-3.0)
-3,0.1]
20D B

A(-3,0.25
B

k/n k/n
/ 05 K/
0.600 0.800 1.000 0.200 0.400 0.600 0.800 1.000

Figure 3: Mean values of the estimators under consideration for Fréchet unshifted (s = 0) parents,
with ¢ = 2 (left) and Burr unshifted (s = 0) parents with (&, pg) = (1,—0.5) (right), and sample size
n = 5000.

with the Fréchet model are more volatile than the ones associated with the Burr model.

This pattern was also detected by Caeiro and Gomes (2006) for the classical S-estimation.

e When we are in the region £+pg < 0 (see Figure 1), the PORT-/ estimator should converge
to By, in (5.1) and (5.2), for the Fréchet and Burr models, respectively. The pattern of the
PORT-S estimators does depend on Y4, contrarily to the one of the PORT-p estimators

in Henriques-Rodrigues et al. (2014), making the selection a bit more intricate.

e For the Burr model the sample path of the classical S-estimator almost overlaps or even

overlaps the sample path of the PORT-/ estimator associated with ¢ = 0, whereas for the
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RMSE(*)

RMSE(®) 02

[%,(6'3) |s=0

A(-30.1)
B o0 o

N A(-12,0
\ ﬂl(c )

'3(7142,01) N
'k A \
(-12,025) \. /|
k/n By \/
0.0 0.0

0.600 0.800 1.000 0.500 0.600 0.700 0.800 0.900 1.000

k/n

Figure 4: RMSEs of the estimators under consideration for Fréchet unshifted (s = 0) parents, with
¢ = 2 (left) and Burr unshifted (s = 0) parents with (£, pg) = (1, —0.5) (right), and sample size n = 5000.

Fréchet model these same sample paths have a quite different behaviour.

e The PORT-/ estimators associated with the 74-rule, in (5.3), are able to beat the classical
ones regarding minimum RMSE, even for very large sample sizes, and when we look at
moderate and large values of k/n for the Fréchet model and for large values of k/n for

the Burr model, as can be seen in Table 1.

Fréchetg 5 Burrg.s,—1
e k8/n | RMSES | 3* k3/n | RMSES
BE3s=01]0.970 | 0.0369 | A-E2|s=0|1.000 | 0.0121
B(=3.0) 0.855 | 0.0297 | 3(-1-2.0) 1.000 | 0.0077

B(=1801) 1 0900 | 0.0181 | B(-240-1) 0.900 | 0.0736
p(=1.8025) | 0737 | 0.0043 | 3(~24025) | 0.724 | 0.0043

Fréchet, Burr; o5
Be ks/n | RMSES | B k3/n | RMSES
BE3s=01]0970 | 0.0361 | B12|s=0|1.000 | 0.0259
B(=30) 0.965 | 0.0347 | 3(-1-2.0 1.000 | 0.0277

B(=3,0.1) 0.858 | 0.0320 | B(~1-2:0.1) 0.875 | 0.0085
((=3,0.25) 0.718 | 0.0351 | B(=1-2:025 | 9727 | 0.0108

Table 1: Values of k8 := argminkRMSE(gg) and RMSES :== RMSE (EES) for the different estimators

and models under consideration, and a sample size n = 5000
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e The adequate selection of the tuning parameters 79 and 7, is crucial. The choice we
have used here is based on a heuristic criteria that surely is not optimal for the PORT-£
estimation, but it works for a wide variety of models. Another type of choice, similar to
the one devised for the selection of k£ through the use of the bootstrap methodology (see
Gomes et al., 2012, among others) is surely also an interesting topic of research, beyond

the scope of this paper.

6 Proofs

Proof. [Theorem 4.1] (i) In the region R1, Ao(t) = o(1/Uo(t)), as t — oo, the last term of
the right-hand side of (3.12) is the dominant one, and the r.v. D(a 01.02,1m4:4) &)/ (1/Up(n/k))
converges in probability to ang&*™xq da.g, 0,(—&) provided that (4.1) holds. Considering the
first-order approximation of the function U(t), in (1.6), Up(n/k) = C(n/k)%, we then get

() Dm0 2L onge () dugon(6)

k n—o0

i.e. for any r € N

(%Yﬁ (Diofléel,ez,nmq)(g))?’ r, (aananq (%{I)) 0491,92( £). (6.1)

n—oo

T
To get rid of the unknown ¢ in (Dflaéel’%’"q’q) (5)) it is enough to consider that

n & (Ta19 79 ’ ) ) p T X
<E> Dn,k 1,02,M4,9 () njo ramgE M (6(]) dra791792(—§). (6.2)

The quotient between (6.1) and (6.2), enables us to say that

(O‘701762777Q7q) r ,

n\ £(r—1) (Dn,k (f)) » (qu (Xq/c))rfl (da,el,e)g) (=€)

<E> (ra,01,02,m4,9) N d — .
Dn,k’ B (E) e r Ta,'91,92( 5)

If we choose r = 2, as suggested in Caeiro and Gomes (2006), we obtain

(001,02.10.0) o 2
(n)S(Dn,k ! (f)) _p, g (ﬁ) M
k D(20¢,91702,7]q,q) (5) n—oo 2 C d2a ,01, 02( f)

n,k
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Since, in Ry, By = x4/C and p; = —& with (84, pq) defined in (1.11), the class of consistent
r.v.’s, that converge in probability towards 3, for any o > 0, n, € R, 01,02 # 02, 0 < g < 1is

given by

(06791,921%7‘1) 2
~(01,02,70:) (py) = 2d20.0,,0,(Pq) (n) —pq (Dn,k (f))
' )

7k - 2 I.
" algde, g, 0, (Pa) \K D 2ma0) (¢

(6.3)

(ii) In the region & + po > 0, where 1/Uy(t) = 0(Ao(t)), as t — oo, or more generally in
the region Ro, the second term of the right-hand side of (3.12) is the dominant one, i.e.
Dfﬁ,fl’%’nq’q) (€)/Ao(n/k) converges in probability to ang* dy g, 0,(po)/€ provided that (4.1)

holds. Since we can choose Ag(t) = £Bot"°,

N\ TP (a,61,02,m,
(E) D () = Boang€ " dap, 0, (o),

i.e., with r € N

(ﬁ) —rp <D7(107";91,92177q7q) (5))7“ N (Bang®™)" (du.g, 0,)" (p)- (6.4)

k n—00

T

Using the same type of arguments, we can get rid of the unknown ¢ in <D£La,;91’92’"q’q) (f)) if

we consider that

ny—ro 01,0214,
(3) "D 2 SoremgE g, (p0) (63

The quotient between (6.4) and (6.5) enables us to say that

(,01,02,n4,9) "
ny\ —p(r—1) (Dn,k’ ' (§)> p. (Bang)" " (dapy6.)" (p)
(E) (ro,01,02,n4,9) d ‘
_D »U1,02,7q, (é‘) n—00 r ra,01,92 (p)

n,k

Choosing again r = 2, as in Caeiro and Gomes (2006), and with 8, = By and pq = po, (Bq, pq)
given in (1.11), we get (6.3), i.e. a class of r.v.’s converging in probability to 8, for a > 0,

Ng €R, 01 #62 and 0 < g < 1.

(iii) In the region R3, Ao(t) and 1/Uy(t) are of the same order, i.e. the dominant terms of the
right-hand side of (3.12) are the second and the last. If we assume that (4.1) holds,

a,01,02,m4,
Dm0, anggem

n,

X
Ao(n/k) n—o00 £ 7qda791,92<_§) :

BoC

da,91,92 (PO) +
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Since Ay (t) = £BptP° we then get

N\ =P (a.61,602,m,, o X
(%) Dfl,k D020 (¢ néo aBong€ ™™ <da,91,92 (po) + Bocha,ol,ez(—ﬁ)) :

But in Rs, pog = —¢&, thence

n\ —ro ,01,02,m4, ang X

n—o0

Considering the same type of procedures used in cases (i) and (ii) and with » = 2 we are led to

(0,01,02,m4,9) 2
(7)#’0 <Dn,k (5)) N omq <,80 ) di 01,02 (po)
k D7(l2:,01,9277)q#1) (é) n—yoo C/ dyy 01,09 (po)

and with 8, = Bo + x¢/C, from (1.11), we get (6.3) and consistency follows.
The results presented in cases (i), (ii) and (iii) still hold true if we replace p, by any consistent

estimator of p,, p9), such that (59 — p,)In(n/k) = o,(1). O

Proof. [Theorem 4.2]. (i) In the region Ry, Ao(t) = o(1/Uy(t)), as t — oo, the
third and last term of the right-hand side of (3.12) is the dominant one, and the r.v.’s
DS,’CHI’G{Z’T"’q) (€)/(1/Uo(n/k)) converge in probability to a ns§*" x4 da,g, 0, (—) provided that
(4.1) holds, i.e. if Vk/Ug(n/k) — 0o, as n — oo (see Remark 4.1). Moreover, we get

Dsla91 027qu(£) d N (ag 0)
g~ @ 168" Xq daor.0,(=E) <1 + aquaﬂl}%(f&) o WU (n/k)

“ o,601,02,mq (&)
+ s Ao YU/ + 0, (1) + 2B 1+ 0y(1) ).
Consequently,

(D(afcgl’ewq’q)(g) o 2 [2am,. 2 12 2 (c,61,02)
= g — a,b1,02
grEm (@) 8 da, 0, (26) <1 t xedoma v Ve Uo(n/k)

da,0q,05 (=€ 07,05 (

o, 2Xq Yor,01,09,m4 ()
+ 22 00) < Ao (n /) U (/1) (1 + 0p(1) + 7 igigggn/k)uw(l»), (6.6)

and since 1/(1+2) =1—x+ o(x), as ¢ — 0, we get

1/Up(n/k) d 1 . 1 (2a,01,02)
DPp T () T 20 mgEMXg daaoy 6y (<€) <1 Boxedznty a3 (—EVE ' Uo(n/k)

,

daa ,01,02,nq ()
— graa s Ao(n/K)Uo(n/k)(1 + 0p(1)) — L etz B (1 + 0p<1>>>- (6.7)
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The quotient between (6.6) and (6.7) enables us to say that

&) b il b 2
<D( 61,682,nq ‘1)(5)) d a ngxg %a,6q 92( €) 2 W(a,Gl,Gg)U (n/k)
DEYOO2neD () o (nyky 2 d2001,09(=8) aXqda,0,,0,(—)VE K 0

a, 2 o
+ 2MAo(n/k)Uo(n/k)(1 +op(1)) + da’;j 32(915?13575/2)( +op(1 ))>

EXqda,0q,65 (=€

_ 1 (2&,91,92)
(1 st W ot

d2a,01,05 (P0) ,61,62,14 (€)
o §Xq2dza9,19:),262p(0—€) Ao(n/k)Uo(n/k)(1 + 0p(1)) — dz)selyjag (gig)QI}Z)(](n/k) 1+ Op(l))>'

Since, in R, g = xq/C, pq = —& with (B4, pg) defined in (1.11), and we can write

(a,01,02,0q,0) 2
)*Pq (Dn,k o (§)>
D(Zaﬂl,eg,nq,q) (f)

n,k

B\,,(:?Zel 702177Q7Q) (pq) = 2d2a’91 ,02 (pQ) (n

O‘nqdi,el,ez (pg) \k

_ (142 WDy msk) w2y (k)
g Xqda,o,,0,(—E)VE 200Xq 20,0, 0, (—E)VE

qy(@01:02:19) (¢ — (01,02) (p,,

X2 =0 (14 0,1 ))+Z€XqAo(n/k)Uo(n/k:)(1+op(1))>

with g(@01.020) (¢ —¢€) and 2(*01:02) (p, —€) defined in (4.4) and (4.5), respectively.

If we consider sequences of positive intermediate integers k = k, such that k, = o(n),
VE/Uo(n/k) — oo, VkAo(n/k) — X and Vk/UZ(n/k) — A,, as n — oo, and noticing that
with Xq 7& 0, given in (1.9), Ao(t)Uo(t) — 0(1/U0(t)), in RH, 1/U0(t) = O(Ao(t)Uo(t)), in ng

and Ao(t)Uo(t) = O(1/Up(t)), in Ri2, the result holds.

(ii) In the region £é+pp > 0, where 1/Uy(t) = 0(Ao(t)), as t — oo, or more generally in the region

R, the second term of the right-hand side of (3.12) is the dominant one. In Ro, A4(t) = Ao(?),

so condition (4.1) can be rewritten as vkAg(n/k) — oo, as n — oo and if we assume that this

condition holds,

(c,01,02,nq,9) (cr,01,02)
Dn,k (5) i ang—1 EW]C b2
AR ang€*™ ™ da 0, 0,(po) | 1+ ada, g, 05 (p0)VEA(n/k)

ua 7q( ) va 9.
2 B £ (1) (1 + 0p(1) + L2 By (/) (1 + 0,(1))

£X «,01,60 (_E)
+ Tmoran (o) Ao UGy (L T 0?“”) :
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Therefore,

(@,01,02,nq,9) 2
(Dn,k (5)) d 2 ¢20mg—2 72 26w ™ 0102)
AZ(n/k) - (QWQ) g da,91,92(p0) L+ adaﬂl,%(po)\/ﬁ/}(n/k)

2Uq,04, ,7q( ) 204,07, ( ’/)
¢ 2etitana 00 4 )1+ 0,(1)) + 22200 B (/1)1 4 0,(1)

26x da, s (_E)
+ IS 1+ o). (68)

and given that 1/(1+x) =1 — 2+ o(z), as x — 0, we obtain

«,04,0
Ao (n/k) d Wi o2)

1 1—
e t2na9) (¢ 2amq€°*19 " da, 9, 0, (P0) ( 2adsq,0, 0, (P0) VEA(n/K)

— a8 Ao(n ) (1 + 0p(1)) — ) B/ ) (1 + 0,(1)

d2a,01,02 (pO) d2o¢,01,92 (PO)

Exqd2a,0,65 (=€)
™ Toa o) Ao BT (1 F Op(m)’ (6.9)

The quotient between (6.8) and (6.9) enables us to say that

(0,01,02,n9,@) 01\ 2 .
) . d3,91792(p0)< a7y (9102

D20 D ey A (k) 26 20,0105 (P0) ade, g, 05 (p0)VEA(n/k)

2Uq,04,09,n4 (PO) 204,601,045 (00,00)
+ T Ao (/) (1+ 0p(1)) + =2 T Bo(n /) (1 + 0p(1))

26X qda,04,05 (—€) B £W]£2a’91’92)
da»91792(P0)A01(”7k)U0(”/k)(1 +Op(1))> - (1 20d2a,0,,05 (P0)VEA(n/k)

. U2a,91,92,nq(p0) Ao(n/k)(l + Op(l)) o 'U2a,91,92(p07p6)Bo(n/k)(l + Op(l))

d2a,67,64(P0) d2a,67 65 (P0)

§xqd2a,01,05 (=€)
N dza,el,ezipo)A;(rf/k)Uo(n/k) (1 + Op(U)) .

But, in Ra, By = Bo, pg = po with (By, pg) defined in (1.11), and we get

(()é,91702,77 7Q) 2
B(Oé7017927n47q) (p ) - M (E)_Pq (Dn,k q (g))
o U amdy g, g,(pg) D2t 020 ()

2§Wlia,91,02) é.‘/‘/]52(1,191,92)

=By <1 + ada.g, 65 (p0)VEAG(n/K)  2adaa,, 6, (p0)VEA)(n/k)

+ ul@0:0219) (50) Ao (n/ k) (1 + 0p(1)) + 0(4092) (pg, pf) Bo(n/k) (1 + 0,(1))

Exiqz(* 0192 (¢,
+ XAo(n/k)Uo(n/kl))O) (1+ Op(l))> :

with 2(@01.02)(p —¢), u(®01.0214) (p) and v(@01:92) (p, ') defined in (4.5), (4.6) and (4.7), respec-

tively.
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Considering sequences of positive intermediate integers k = k, such that k, = o(n),
Vk/Uo(n/k) — oo, and if we further assume that vkA3(n/k) — Aa, VkAo(n/k)Bo(n/k) — Ap
and Vk/Up(n/k) — N, as n — oo, then, with x, # 0 given in (1.9) and Ag(t) =
O(Bo(t)), Ao(t) = o(1/(Ao(t)Uo(t))), in Ra1, 1/(Ao(t)Uo(t)) = 0(Ao(t)), in Roz and Ag(t) =
O(1/(Aop(t)Up(t)), in Raa, the result follows.

(iii) In the region R3, Ao(t) and 1/Uy(t) are of the same order, i.e. the dominant terms of the
right-hand side of (3.12) are the second and the third. In R3, A4(t) = Ao(t) + &xq/Uon(t), so
condition (4.1) can be rewritten as vkAo(n/k) — oo, as n — oo or Vk/Up(n/k) — oo, as
n — oo. If we assume that the first condition holds with limy, e 1/(Ao(n/k)Uo(n/k)) :== X =

1
el then

(e,01,02,mq,9) - (a,01,02)
Dn,k (5) i Qan), —1 SW e
S XowR - = g§t <1 + 5/\Xq> Ao 01,65 (P0) (1 + ada, 09 (po)(]€1+§qu)\/EA(n/k)

Ua,01,09,nq (po) Vo071 ,00 (POyP())
(1+§XXq)da,01,92(ﬂo)Ao(n/k)(l Top(1)) + (HfXXQ)da»@LBz(pO)BO(n/k)(l o)

Ech Wa,01,05,14 (§:P0) 1 1 _ EXaYa,01.00,14 (€)
(1+§>\Xq)da,01,92(Po)Uo("/k)( +Op( )+ (1+EXxq ) da,6, 05 (p0) Ao (n/k)UZ (n/k) |

Considering the same type of procedures used in cases (i) and (ii) we are led to

o 2
(Dé,l’cgl,e%nq’q)(f)) d ang <1+5X ) di,el,ez(PO) + 25W}£a,61,92)
DRI (6 Ao (k) % X4 ) Ta 0, 0, (P0) ada,g, 0, (p0) (16Axq ) VEA(n /)
2ua,01,92,nq(po) A (1 1 2’03,91,02(P0,P6) B k) (1 1
o den o0 (0] o(n/k)(1+4 o0p(1)) + (15600 )01 0y () o(n/k)(1+ 0p(1))

26Xq Wa,01 05,14 (£:P0) 1 26X2Yar,01 09,14 (€)
(1+§XXq)da,91,92(Po)Uo(n/k)( +op(1) + (14+6Xxq ) da 01,05 (P0) Ao (n/K)UZ (n/k)

£W(2a,91,92)
x[1-— k
( 20d24,0,,0, (P0) (1+EXxq ) VEA(n/K)
_ U2a,01,05,m, (PO) _ U20é,91,92(p07/)6)
(1+£XXq)d2a,Zl,92(Po)Ao(n/k)(l Top(1)) (1+6Mxa) d2a. 0, 6 (PO)BO(n/k)(l +op()

52(,1 Waa,07 09,174 (£:P0) (1+0,(1)) — _ EX2Y20,01,09,mq (€)
(1+6Xxq ) d2a,0, 0, (0)Uo(n/k) b (1+6Xxq ) d2a,0, .05 (P0) Ao (n/K)US (n/k) )
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In R3, we have 8, = By + % and p, = po with (84, pg) defined in (1.11), therefore,

k

(a,91,02,77 ,q) 2
5<a,91,ez,nq,q>(p).:M(”)‘pq <D"”“ q (§)>
e U andz g, 0, (p0) DR )

)

a,67,6 2a,01,6
2§WI£ 1,62) §W1£ 1,92)

B ﬂq <1 * a(l"‘ﬁXXq)da,ﬁ,GQ(PO)\/EAO("/’?) B 20‘(1"'5}“9((1)‘120491792 (po)VkAo (n/k)

e P Ao(n/k) (1 0p(1)) + S P Bo(n/k) (1 + 0p(1))

Exqu(@:01:92:m9) (¢ py) Ex2y(>01:92m9) (¢,po)
T (14+€X\xq) Uo(n/k) (1 +0p(1)) + (Héqu)Ao(n/k)Ug(n/k)(l +opL)) )

with y(@0102:m0) (¢ p) 2(@0002) (p —€) g @0002m4) (p) and v(@0102)(p, o) defined in (4.4), (4.5),
(4.6) and (4.7), respectively.

The proof of the theorem follows for sequences of positive intermediate integers k = k,
such that k, = o(n), VkAo(n/k) — oo, VEkAZ(n/k) = \,, VkAo(n/k)Bo(n/k) — A,
VEkAo(n/k)/Up(n/k) — May and Vk/UZ(n/k) — Ay, as n — oo, and taking into account
that 8,/(1 + &xxq) = fo-

The results presented in cases (i), (ii) and (iii) still hold true if we replace p, by any consistent

estimator of p,, p9), such that (59 — p,)In(n/k) = o,(1). O

Remark 6.1. The replacement of p by p'9 in the scale factor 2d2a,91792(pq)/(anqd§701’92 (p))
places no problem due to a continuity argument, provided that p'9 is consistent for
the estimation of p,. However, the replacement of p, by P9 in (k/n)Pe requires that
(k/n)* | (k/m)""
op(1).

_)L> 1 and hence the need to impose the condition (p'? — pg) In(n/k) =

Appendix: The second and third-order frameworks for heavy-

tailed models under a non-null shift

As mentioned above, if we induce any arbitrary shift, s € R\{0}, in the unshifted model Xy,
with quantile function Uy(t), the transformed r.v., X5 = Xy + s, has an associated quantile

function given by Us(t) = Uy(t) + s. The second and third-order conditions in (1.4) and (1.5),
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respectively, can then be rewritten as

InUs(tz) — InUg(t) — €1 22l py <0,
lim BUsU0) Z () = Elme o) T P (6.10)
tmeo As(t) Inz, if ps=0,
and
In U, (tz)—In Us (£)—€]1 stoh_q . .
. Aw Ve | EEEE i min(ps, ) <0, (6.11)
e Bi(t) e, i =gl =0,

and hold for all z > 0, with |As| € RV, |Bs| € RV, ps, p,; < 0. As a replacement of Lemma
3.1, if we assume that Uy € RV; satisfies the second-order condition (1.4) with p = po and
A = Ap. Then Us(t) := Up(t) + s is such that Us € RV, and (6.10) holds with

—&s/Up(1), it £+ po<0ands#0,
As(t) == Ag(t) —€s/Ug(t), if €4 po=0and s #0, (6.12)
Ap(t), if £€4+po>0o0rs=0,

and (Ss, ps) given in (1.7).

Consequently, the introduction of a shift in the model underlying the data can possibly
change the shape second-order parameter p = ps, in (1.4), which is indeed equal to —¢ whenever
we induce a non-null shift in any unshifted model with £ 4+ pyp < 0, as, for instance, X = Xy —~
Fréchet(¢ = 0.25), for which pg = —1. Then, and for X; = Xy + s, s # 0, the second-order
parameter p, in (1.4), becomes —¢. In the sequel, and for a reasonably large set H of heavy-
tailed models, H C Daq(Geso), we shall analyse the impact of a shift s # 0 not only on (5, p)
and A(-), but, more generally, in the vector of unknown parameters (3, p, 3, p'), with (8, p')
the scale and shape third-order parameters, proceeding to a characterisation of (8s, ps, 8%, pl)
and the functionals Us(t), As(t) and Bs(t), comparatively with the functionals Uy(t), Ap(t) and

By(t) corresponding to an unshifted model.

A subclasse of Hall-Welsh class of models

The so-called Hall-Welsh class of models was first introduced in Hall (1982), later used in Hall
and Welsh (1985) with a restriction Fy # 0, and it is now used under a third-order framework.

We thus assume to be working in a class H of heavy-tailed models, such that
F(z) = Fo(x) = (/C) < {14 By (o/CY/S + By (u/CY/E + o(a0/%) |,
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as x — oo, where £ > 0, pg < 0, C > 0 and E1, F3 # 0. Equivalently, we can say that, as
t — o0,

U(t) = Up(t) = Ct* {1+ Dit* + Dot*° + o(t*°)} (6.13)
where Dy = £Ey and Dy = £ (Ea+ (2p0 4+ € — 1)/2Ef) Then, the third-order condition in
(1.5) holds, with p = p’ = po, Ao(t) = poD1t* and By(t) = (2D2/D; — Dy) t*°. For this class

of models and choosing the parameterizations Ay(t) := £Bpt" and By(t) := [t*°, we have

D1 = &Bo/po and Dy = D1(D1 + f3)/2.

Remark 6.2. The log-gamma model (p = 0 in (1.4)) is out of the class of models in (6.13). The
unit Pareto model, with d.f. F(z) =1 — z"Y¢, 2 > 1, and quantile function U(t) =1, t > 1,
is also out of this class of models. Indeed, we get U(tx)/U(t) = x¢ for all x > 1, i.e. A(t) =0

in (1.4) meaning that we may assume the fastest convergence attached to p = —o0.

If we induce a deterministic shift, s € R\{0}, in the underlying model, the associated

reciprocal quantile function, Ug(t), is then given by,
Us(t) = Ct¢ {1 + D1t + Dot 4 sC~ 175 + o(tZPO)} , as t— oo.

The parameter (8 = fs,p = ps), in (1.6), is then the one given in (1.7). The function As(¢)
depends thus on the relationship between the first-order parameter &, and the second-order
parameter pp, just as provided in (6.12). The characterisation of Bs(¢) in (6.11) is slightly more

complex, and it is presented, jointly with A4(t), in Table 2.

Remark 6.3. The results presented in Table 2 enable us to fully characterise any model in the

aforementioned sub-class of Hall-Welsh’s class:

e For the Burr(¢, p) model with d.f. F(z) =1— (1+ x_p/s)l/p (x>0, >0, p=py <0)
we have C =1, Dy =&/py and Dy = D1(1+ D) /2.

o For the Fréchet(§) model with d.f. F(x) = exp (—x_l/g) (x >0, £ >0), we have pg = —1,
C=1,D; = —5/2 and Dy = Dy (5/6—|—D1)/2

e For the generalised Pareto (GP)(¢ > 0) model with d.f. F(x) = 1 — (1—1—5:13)_1/5,
(x>0, £>0), we have pg = =¢, C =1/¢, D1 = —1 and Dy = 0.
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Table 2: Characterisation of second, third-order parameters and functionals A, and B, for a model F'

in the Hall-Welsh sub-class of models, in (6.13), additionally subject to a shift s # 0.

Ay(t) == EBitrs By(t) := Bt

po < —2¢ —&t¢
E+po<0] po=—2¢ _%St—ﬁ (%pﬁ%_g)t_g

po > —2€ _% t5+ro

£+ p0=0 R il s =

po < —&/2 _Bsct*(@rpo)
E+po>0| po=—E/2 | £Bot = Ap(t) (56 + gggg)tpo

po > —£/2 Bt = Bo(t)

e The Student’s-t, (v > 0) distribution is
F(z) = F(alv) = W /_; <1 + Zj) v dz, z€R, v >0,
with &€ = 1/v and po = —2/v = —2¢. In this case we have, C = /v/c,, where ¢, =
(wB(v/2,1/2))/", with B the complete Beta function, and Dy = —c2(v + 1)/(2(v + 2)).
When v = 1 we get the so called Cauchy d.f., F(z) = 1/2 — (arctan(x))/7, = € R, with
¢ =1 and pg = —2. For the Cauchy distribution we have C' = 1/7 and D1 = —72/3.

Remark 6.4. Just as mentioned in Remark 3.1, note that we can use in (6.10), (6.11) and

(6.12) the subscript q instead of the subscript s, whenever we think on such a shift as s = —xq.
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