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This article presents a joint approach for analysis of longitudinal
data, as the severity of the event of interest is jointly observed with
its occurrence, motivated by a clinical trial involving participants who
were healthy menstruating women prior to hysterectomy/ovariectomy
for benign disease (Prior et al., 2007). The proposed joint modelling
framework allows mixtures of discrete (counting of hotflush events)
and categorical (severity of the events) response variables over time.
Each response is related to individual-specific random effects, which
may be correlated over time, through a generalized linear model. Because there is many zero counts in the motivating dataset, we adapted
the proposed model to zero-inflated modelling by using different counting distributions. For Bayesian approach, Markov chain Monte Carlo
methods are used for computing some posterior quantities of interest.
Keywords: Bayesian hierarchical models, Zero-inflated data, Joint
analysis, Smoothing.

1

INTRODUCTION

In longitudinal studies, one can sometimes observed the frequency and intensity of episodes in order to explain the recurrent occurrence of an event
of interest. For example, i) earthquake sequences in a certain region comSilva, Juarez and Dean (2012)
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bined with their magnitude levels may indicate long or short free-event periods studying the joint distribution of count (number of earthquakes) and
severity (earthquake magnitude level); ii) Prior to occurrence of a health
event, such as onset of clinical disease or hospitalization, repeated subclinical events may point out that the individual is at risk.
As there are different measures of severity, e.g., duration or intensity of
the event, we need to model mixtures of count, categorical, and continuous
response variables. Some authors have studied the joint analysis of different kinds of outcomes, including count and severity. Dunson (2000, 2003)
suggested a Bayesian approach for analysis of multidimensional longitudinal data, motivated by studies using an item response battery, to measure
traits of an individual repeatedly over time. Henrring and Yang (2007) presented a joint modelling of multiple episode occurrence and severity with a
terminating event for assessing the relationship between vaginal bleeding
during pregnancy and the gestational age at delivery.
This work is motivated by a real data set involving participants who
were healthy menstruating women prior to hysterectomy/ovariectomy for
benign disease (Prior et al., 2007). Daily data provided the number of night
and day hot flushes/night sweats compared by two treatments, medroxyprogesterone acetate (MPA) and conjugated equine oestrogen (CEE), to
reduce the event of interest (flushes) and daily mean severity of flushes.
The investigators are namely interested to conclude whether MPA and CEE
are equivalent in the control of the number of hot flushes/night sweats and
associated severity immediately following premenopausal ovariectomy.
When severity and count modelling is based on marked point processes,
investigators usually focus on one of the two at a time: counting processes
for recurring process and repeated measures approaches for the marks process. Recently, few papers have drawn their attention to approaches that
aim to model both simultaneously. French and Heagerty (2009) developed
Generalized Estimating Equations (GEE) methods for marks by assuming
that the association between the recurring process and the marks can be
explained through an exposure covariate which is measured over time. Cai
et al. (2010) proposed an estimating equations approach based on a proportional means model for the marks; they obtained the estimates regarding
the recurrent events process, and plug in those into the estimation for the
marks model. In both approaches there is no direct way of testing the association between the two processes. Our proposal consists in modelling both
the recurrent events process and the marks given linking random effects.
This allows us to test for the existence of such association between the two
processes.
On the other hand, in modelling of longitudinal count data, there are
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usually a relatively large number of zeros, so-called zero-inflated data (Ridout et al., 2001; Ghosh et al., 2006). The commonly used models are
Poisson or Negative Binomial distributions for modelling discrete data with
many zeros. We propose a Bayesian joint analysis of counts and severity
with zero-inflated longitudinal data to formulate multivariate correlated
models for a combination of binary, ordinal, discrete and continuous outcomes measuring the same underlying trend over time. Our models fall
within the general framework of generalized linear latent and mixed models (Breslow and Clayton, 1993). However, the number of random effects
makes this approach computationally very intensive. Following a Bayesian
approach to inference, Markov chain Monte Carlo methods are used for
computing some posterior quantities of interest. Ovariectomy data set is
analyzed to illustrate the practicability of the proposed method, easily implemented using OpenBUGS (Spiegelhalter et al., 2007).
In this way, this paper is organized as follows. Section 2 describes the
motivating study for analyzing counts and severity jointly, while the associated methods of that joint analysis are introduced in Section 3. Section
4 deals with the results of the Bayesian analysis for the joint modelling of
different kinds of outcomes, as well as the use of Markov chain Monte Carlo
methods for estimating quantities of interest. In section 5, some concluding
remarks are presented based on the joint analysis of that dataset.

2

MOTIVATING

STUDY

Counts of number of hot flushes in a day along with their severities were
recorded in a clinical trial that compares oestrogen therapy (conjugated
equine oestrogen: denoted as CEE), the gold standard for the treatment
of hot flushes with medroxyprogesterone acetate (referred to as MPA). The
participants were healthy menstruating women prior to hysterectomy/ovariectomy for benign disease (Prior et al., 2007) between the ages of 32 and
53 years; their body mass index was between 17.69 and 32.62 units. There
were 20 women in the MPA group and 18 in the CEE group; one of the
women from the MPA group was eliminated because of extreme number of
hot flushes in a day reported, so in here we analyze 19 individuals in the
MPA group. A primary goal was to investigate the effect of the treatments
in reducing the event of interest (flushes) and their severity, and whether it
was necessary to consider both outcomes counts and severities simultaneously, or the counts would give a good enough indication of the effectiveness
of the treatment effect.
Figure 1 displays the weekly data for the presence of zero for count and
severity by treatments: MPA and CEE. Some individuals have many zero
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count and severity and other little suggesting a great deal of zero-inflated
values in the data. Visually, one can observe less presence of counts over
time for the MPA group, and also less severe events for this group mostly all
across time. See Figure 2 that shows plots of observed count and severity
means over time by treatments: MPA and CEE. Investigating the no-zero
counts and severity, we can notice that some individuals have many counts
and other little suggesting a great deal of heterogeneity in the data.
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Figure 1: Plots of observed zero count and severity over time by treatments:
MPA (left) and CEE (right).
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Figure 2: Plots of observed count (left) and severity (right) means by treatments.
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3

BAYESIAN

INFERENCE ON JOINT MODELLING

Suppose that n subjects may experience a type of (recurrent) event during
a period of time. Let yi j be the outcome vector for individual i and time
j, j = 1, . . . , Ji ≤ J, i = 1, . . . , n. In the particular case of the motivating
example, the outcomes are observed daily for the ith subject on days t i1 ≤
t i2 ≤ · · · ; hence they can also be denoted as yk (t i1 ), yk (t i2 ), . . ., k = 1, 2,
with y1 (t) ≡ N (t) the number of events on day t and y2 (t) ≡ m(t) the
corresponding severity associated with day t.
Assuming that yi jk has a distribution in the exponential family with
canonical parameter µi jk , we define the following model:
hk (µi jk ) = ηi jk = z0i jk Ωk + Sik ( j) + ξi j + ϕik ,

(1)

where hk (·) is a link function for the kth outcome, ηi jk is the linear predictor
for outcome k and subject i at time j, zi jk is a vector of observed covariates,
Ωk the regression coefficient vector for outcome k, Sik ( j) represents the
subject and outcome specific trend taking the flexible form of a spline, ξi j
is a time-dependent random effect that takes account of the dependency
among the outcomes measured for a subject at a given time, and ϕik is a
measurement error component.
For the hot flush dataset context, the outcome vector is yi j = ( yi j1 , yi j2 ),
where yi j1 is the weekly number of hot flushes and yi j2 is the number of
days rated as high severity per week for each of the 38 patients during
one year, i = 1, . . . , 38, j = 1, . . . , Ji ≤ 52. Assuming Poisson and binomial
distributions for yi j1 and yi j2 , respectively, with parameters µi j1 = λi j (mean
of counts) and µi j2 = θi j (probability of high severity), a simple and flexible
form for model (1) is expressed by
log(λi j ) = α0 + z0i j α + Si1 ( j) + ξi j + ϕi1

(2)

logit(θi j ) = β0 + z0i j β + Si2 ( j) + ξi j + ϕi2 .

(3)

For simplicity, we consider Sik ( j) = Sk ( j), ∀ i, and here we have fixed
covariates so zi j = zi , ∀ j. In addition, a more general structure for the
random effects would use in (3):
ξ i j = ωξ ξ i j + ν i j
ϕi2 = ωϕ ϕi1 + ϕi .

(4)
(5)

Null values for ωξ and ωϕ indicate no dependency between counts and
severities. Here, zi = (z1i , z2i , z3i ), where z1i indicates treatment (MPA=1,
CEE=0), z2i represents age, and z3i is body mass index (BMI).
Silva, Juarez and Dean (2012)
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In order to accommodate zero-inflation, we construct a mixture of a
Poisson-binomial distribution and a distribution that is degenerate at (0, 0).
Note that the conditional probability P( yi j2 =0| yi j1 =0) = 1. Conditional on
random effects, the probability distribution of the (bivariate) zero-inflated
Poisson-binomial is f ( yi j1 , yi j2 ),
f (0, 0) = (1−pi j ) + pi j × e−λi, j × (1−θi, j )7 ,
−λ
y
 y
e i, j λi, j i j1
7
×
θi, j i j2 (1−θi, j )7−yi j2
f (r, s) = pi j ×
y !
y
i j1

(6)

i j2

for r = 1, 2, . . .; s = 0, 1, . . . , 7, where pi j represents the probability of an
excess zero for subject i at time j and is modelled as
logit(pi j ) = γ0 + z0i j γ.

(7)

One typically assumes independent normal prior distributions for the
random effects, i.e.,
ϕik ∼ N (0, σϕ2 k ),

(8)

ξi j ∼ N (0, σξ2 ),

(9)

k = 1, 2,, as well as for the intercept (α0 , β0 , γ0 ), regression (α, β, γ) and
spline (δ1 , δ2 ) coefficients – note that
Sk ( j) =

L
X

δkl Bl ( j),

(10)

l=1

where Bl (·), l = 1, . . . , L, are the cubic B-spline basis functions, k = 1, 2,
j =1, . . . , J. However, spline models (2) and (3) offer reasonable flexibility
in modelling these temporal effects, and is parsimonious especially in terms
of its interpretation, being particularly useful for exploratory analysis of
trends (vide e.g. MacNab and Dean, 2001).
For the variance component hyperparameters, one usually assigns an
inverse gamma prior, i.e.,
σϕ2 1 ∼ I G(c1 , d1 ),

(11)

σϕ2 2 ∼ I G(c2 , d2 ),

(12)

σξ2 ∼ I G(c3 , d3 ),

(13)

whose kernel density is equal to x −(c+1) exp(−d/x), x > 0. Similar distributions are assumed for the variances of the coefficients mentioned above.
In fact, these inverse gamma priors, as well as the normal priors for those
coefficients, are usually assigned highly dispersed, but proper, priors.
Silva, Juarez and Dean (2012)
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4

RESULTS

OF THE JOINT DATA ANALYSIS

For the hot flush dataset context, the outcome vector is yi j = ( yi j1 , yi j2 ),
where yi j1 is the weekly number of hot flushes and yi j2 is the number of
days rated as high severity per week for each of the 38 patients during one
year, i =1, . . . , 38, j =1, . . . , Ji ≤ 52.
Using 20,000 iterations and 10,000 of burn-in (thin=40) for MCMC
methods in OpenBuUGS (Spiegelhalter et al., 2007), some longitudinal
zero-inflated Poisson-binomial models (1) were fitted and compared by Deviance (D). For details about D and other comparison model measures, see
for instance section 3.3 in Silva et al. (2008). Some interesting examples
are in Table 1. Model M3 provides a reasonable fit, with posterior means,
standard deviations and 95% highest posterior density (HPD) credible intervals (CI) for model parameters.
Models defined in terms of the linear predictors
M1 : ηi j1 =α0 +z0i α+S1 ( j)+ϕi1
ηi j2 =β0 +z0i β +S1 ( j)+S2 ( j)+ϕi1 +ϕi2
M2 : ηi j1 =α0 +z0i α+ξi j
ηi j2 =β0 +z0i β +ξi j
M3 : ηi j1 =α0 +z0i α+S1 ( j)+ξi j +ϕi1
ηi j2 =β0 +z0i β +S2 ( j)+ωξ ξi j +νi j +ωϕ ϕi1 +ϕi2

D
4821
3873
3003

Table 1: Model comparison based on posterior mean of deviance (D).
Table 2 displays the posterior quantities of interest (parameters) for selected model M3 : mean, standard deviation (s.d.), and 95% highest posterior density (HPD) credible interval. Based on these results, i) there is
covariate influence only from body mass index (z3 ) for probability of excess zero component (see γ3 estimates); ii) the measurement error component for counts (ϕi1 ) is lightly shared with that component for severities
(see ωϕ estimates), whereas the time-dependent random effect (ξi j ) for
counts is higher shared with that component for severities (see ωξ estimates); iii) there are some unobserved heterogeneity of the subject-count
(ϕi1 ), subject-severity (ϕi2 ), shared subject-time (ξi j ) and severity subjecttime (νi j ) components (see σϕ2 1 , σϕ2 2 , σξ2 and σν2 estimates).
Based on both Table 2 and Figure 3, posterior distributions of ωϕ and
ωξ for selected model M3 are both significantly different from zero, indicating dependence between the subject and subject-time random effects for
count and severity. From Figure 4, the posterior distributions of the variance
Silva, Juarez and Dean (2012)
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parameter mean
s.d.
α0
-0.69 0.693
α1
-0.52 1.103
α2
0.06 0.127
α3
-0.27 0.191
β0
-4.08 0.881
β1
-1.09 1.183
β2
-0.04 0.145
β3
-0.17 0.201
γ0
0.79 0.150
γ1
-0.89 0.227
γ2
0.04 0.026
γ3
0.46 0.059
ωϕ
0.78 0.179
ωξ
2.09
0.19
2
σϕ1
10.67 3.73
2
σϕ2
5.80
2.07
2
0.91 0.122
σξ
2
σν
2.43 0.484

95% HPD credible interval
(-2.17,0.63)
(-2.73,1.66)
(-0.19,0.32)
(-0.63,0.12)
(-5.80,-2.34)
(-3.41,1.32)
(-0.33,0.25)
(-0.56,0.23)
(0.50,1.09)
(-1.33,-0.45)
(-0.01,0.09)
(0.35,0.58)
(0.44,1.14)
(1.72,2.46)
(4.79,17.9)
(2.34,9.84)
(0.67,1.14)
(1.53,3.38)

Table 2: Posterior estimates for selected model parameters (Model M3 ).
components σν2 , σξ2 , σϕ2 1 and σϕ2 2 for selected model M3 , one can suggest a
higher unobserved heterogeneity on subject random effects than that kind
of heterogeneity on subject-time random effects. Finally, the posterior mean
of the mass probability at (0,0) over the full observation period for selected
model M3 is 0.73 (overall), 0.77 (MPA) and 0.68 (CEE). This varies over
time by treatments (see Figure 5).

5

CONCLUSIONS

In conclusion, this joint modelling enables association between related outcomes and provides better power in identifying effects. It is also useful for
providing an understanding of the mechanisms generating the outcomes. In
the example, there was no difference in the treatment effects in the mean
counts and severities; this was an important scientific observation. However, the proportion of zeros differed in the treatment arms. Future work
in this area will include the incorporation of autoregressive random effects
and the study of the gains in efficiency through this sort of joint modelling.
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Figure 3: Posterior distributions of ωϕ (left) and ωξ (right) based on M3 .
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